Energy equipartition and minimal radius in entropic gravity 
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In this article, we investigate the assumption of equipartition of energy in arguments for the 
entropic nature of gravity. It has already been pointed out by other authors that equipartition is not 
valid for low temperatures. Here we additionally point out that it is similarly not valid for systems 
with bounded energy. Many explanations for black hole entropy suggest that the microscopic systems 
responsible have a finite dimensional state space, and thus finite maximum energy. Assuming this 
to be the case leads to drastic corrections to Newton's law for high gravitational fields, and, in 
particular, to a singularity in acceleration at finite radius away from a point mass. This is suggestive 
of the physics at the Schwarzschild radius. We show, however, that the location of the singularity 
scales differently. 
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I. INTRODUCTION 

In the interesting recent article [T*], Verlinde argued 
that the gravitational force is an entropic force, and thus 
emergent from some more fundamental theory. This is 
a continuation of the quest to explain gravitation as the 
thermodynamic hmit of some underlying microphysics, 
begun in earnest in the seminal work (see also 
While there is an ever-growing literature on extensions 
and apphcations of these ideas, there are also serious con- 
cerns regarding the theoretical [3] and experimental [B-Il] 
viability of Verlinde's proposal. This debate is far from 
settled, and entropic explanations of the gravitational in- 
teraction remain controversial. 

Verlinde assumes that gravity admits a holographic de- 
scription, in terms of systems that exist on equipotential 
surfaces and represent "bits of information." Each such 
system is assumed to contribute an area Z^ti ^-nd thus 
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is the integer number of systems that make up an equipo- 
tential surface of area A. We will call these systems 
"atoms of area." In Zat is equal to the Planck length 
Ip, but the general argument can support an indepen- 
dent length scale @, or even several atom species with 
different sizes [Toj . 

A key point in the argument is the use of the energy 
equipartition law 



(2) 



Here, i?at is the average energy of a single atom of area, 
and T the temperature corresponding to the gravitational 
acceleration a of a test mass via the Unruh effect. 
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FIG. 1. Energy versus temperature for the system described 
in Sec. IIIII (in units of the energy spacing Eg, with A = 10 
energy levels). 



We also refer the reader to the interesting independent 
discussion of this law in the context of gravitational 
phy sics in pj| . It has been pointed out in the literature 
that this formula is usually valid only in the high 
temperature regime, with corrections due to the quanti- 
zation of energy expected at low temperatures. This is 
interesting because the temperatures associated to nor- 
mal gravitational accelerations are extremely low. Here, 
we would like to make a complementary point: There are 
also corrections if we consider atoms with energy bounded 
from above. In this case the average energy carried by an 
individual atom starts to saturate when becomes 
comparable to the highest energy level of the atom, and 
corrections to ([2]) ensue, see for example Fig. [T] 

One reason for the assumption of finite energy comes 
from explanations for black hole entropy. In many of 
them, the systems that account for the entropy are finite 
dimensional, at least as long as the area of the black hole 
is held fixed. It is natural to identify black hole entropy 
with the entropy from the entropic gravity scenario for 
the special case that the equipotential surface is a black 
hole horizon. This suggests that the atoms of area have 
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a finite dimensional state space in general, and hence 
bounded energy. 

If the atoms indeed have bounded energy, there is a 
maximum total energy that a system of A'at atoms can 
carry. We will see that in the gravitational context, this 
translates to a minimal radius i?min ~ for a given mass 
M - above which the gravitational acceleration can be 
calculated. At the minimal radius, the gravitational ac- 
celeration diverges. This is strongly reminiscent of the 
physical situation at the Schwarzschild radius Rg. A 
straightforward identification of i?niin with i?g is however 
prohibited by the scaling of the former: We find 
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where i?at = ch/ E-^^y^ is the (reduced) Compton wave- 
length of an atom at maximum energy, and a is a numer- 
ical constant that depends on the detailed physics of the 
atoms. Moreover, there is an argument that shows that 
^min must always stay below i?s, see the note added at 
the end of Sec. lIVI Thus the minimal radius is only com- 
parable to the Schwarzschild radius, if R^t and i?s are 
comparable, in other words E'max ~ Ep{mp/M). This 
is for example the case for M of the order Planck mass, 
and Planck energy atoms. For larger masses, and the 
same i?max, ^min stays far below the Schwarzschild ra- 
dius, and Verlinde's argument reproduces Newton's law 
beyond i?s- We should stress that this result is obtained 
by working with the nonrelativistic version of Verlinde's 
argument. Since the corrections due to finite energy are 
relevant for strong field, it would be interesting, and 
perhaps more appropriate, to study their effects in the 
derivation of general relativity also given in f]^. 

In the following section, we discuss the physical impli- 
cations of atoms with maximal energy, without referring 
to the details of the microscopic physics. In Sec. IIIIl we 
discuss a simple explicit model of the atoms. A discussion 
of the results can be found in Sec. IIVI 



II. 



MINIMAL RADIUS FROM MAXIMUM 
ENERGY 



For the usual energy equipartition E = ak^T with a a 
numerical constant, we get 
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and are led to identify 



(8) 
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This is essentially the argument by Verlinde, with a tak- 
ing into account different prefactors in the equipartition 
law (see El] for a discussion and possible conse- 
quences of such a prefactor). 

When considering systems with maximum energy, the 
relation between average energy i?at and temperature is 
very different. There is a highest energy that can be 
attained, i?at < ^'max, and so, after some approximately 
linear growth, the average energy per atom saturates (see 
Fig. [T|). This has important consequences: For a deriva- 
tion of Newton's law as above, M and R must be inde- 
pendent, but this is no longer true in general. Since 
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and A'at is related to A via ([T]), and A = AttR'^, wc find 
a minimal value 



Rmin — 
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for R. Here i?at = ch/E^^^ is the (reduced) Compton 
wavelength of an atom at maximum energy. 



III. A SIMPLE MODEL 

To illustrate the statements of the preceding section, 
let us consider a very simple model for the atoms of area: 
We assume them to have A'' nondegenerate equidistant 
energy levels with energy spacing Eq. The Hamiltonian 
is thus given by 



Let us first recapitulate Verlinde's derivation of New- 
ton's law, in a suitably generalized form. For this, we 
assume an unspecified relation T — T{Eat) between the 
temperature and the average energy of an atom of area. 

We consider a spherical equipotential surface with area 
A = A-kR^ around a point mass M . Then the gravita- 
tional acceleration of a test mass at distance R is calcu- 
lated as 
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with the energy eigenstates \n). We consider the sys- 
tem immersed in a heat bath of inverse temperature 
/3 = l/{kBT). With pp = exp(-/3i/) and Z(/3) = tipp, 
one finds 



Sat := (H) 
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FIG. 2. Energy versus temperature in units of some fixed 
energy E, for Eq = E,N — 10 (upper solid curve) Eq — 
E/5,N = 50 (dashed curve) Eo = E/10,N = 100 (dot- 
dashed curve) and for (flT)) . with -B^ax ~ WEq. 



a(R) 




R 



0.010 0.012 0.014 0.016 O.OIS 0.020 



FIG. 3. Acceleration versus radius in SI units, with AI = 
AfEarth and Ejnax such that 7?at = Rs'- General relativity 
(solid curve), nonrelativistic entropic gravity (dashed curve), 
Newton's law (dot-dashed curve) 



For large temperatures, this has a weh defined limit 
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lim E,tiT) = -{N + l)Eo 
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In Fig. [T] we have plotted E^t{T) for the case = 10. A 
linear regime is visible, vifith corrections for low T due to 
nonvanishing Eq, and saturation for large T. 

To separate off the corrections at low temperature, 
which we will not further discuss here, and to bring 
out the linear regime, it is useful to take the limit 
N oo, Eq with E'ljiax NEo fixed. In this limit 



E,t{T)^kBT- 
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This is a very good approximation to the actual high en- 
ergy behavior (up to a constant shift in energy), as can, 
for example, be seen from Fig. [2j The first term is the 
linear part, the second term a correction that becomes 
dominant at large T and leads to a maximum average 
energy per atom of -Emax — E'^^^/2. Thus there is indeed 
a linear regime as needed for the derivation of Newton's 
law, provided i?max is large enough. There will be cor- 
rections for high T, i.e., for small radius. Let us also note 
the scaling behavior of the energy-temperature relation: 
Eat/ E-caax is solely a function of the ratio T / E^^^. Thus 
we also have 

T = T{Eat,E„jax) — -Emax/C-EatZ-Emax)- (18) 

Neither ([T5]), nor (IT71) . can be inverted (below i?max) in 
terms of elementary functions, so we can not display these 
corrections explicitly, but we will give two illustrative ex- 
amples. First we consider gravitational acceleration at 
the surface of the Earth. The associated Unruh temper- 
ature is 
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corresponding to an energy 



ksT w 5.5 X 10"^^ J w 3.4 X 10 



-24 



eV. 



(20) 



Now we assume Smax — leV. Then relative corrections 
to Newton's law at the surface of the Earth would be ex- 
tremely tiny, of the order of exp(— 10^"*), and thus com- 
pletely unmeasurable. Also, i?at — 2 x lO^^m is much 
smaller than i?g ~ 9 x 10~'^m, so corrections to New- 
ton's law would still be imperceptible near a black hole 
of earth mass. If on the other hand ii'max — 10~^eV, 
the relative corrections to Newton's law at the surface 
of the Earth would still be extremely tiny, of the order 
of exp(— 10^^), but then i?at — i?s, so the gravitational 
acceleration would diverge at the Schwarzschild radius. 
Note however, that there are reasons to believe that Smax 
has to be very high, see the note added at the end of 
Sec. IIVI We have plotted the gravitational acceleration 
obtained in this way, together with the prediction from 
general relativity for a static observer. 
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and from Newton's law in Fig. [3l One sees how the 
entropic gravity curve first tracks Newton's law, then 
bends to join general relativity on the horizon. We re- 
mind the reader that i?at — in this example is due 
to the fine-tuning of the parameters. With i?max remain- 
ing fixed, the gravitational acceleration would diverge - 
for different masses - at radii larger or smaller than the 
Schwarzschild radius. 



IV. CONCLUSIONS 

In the present work we have studied the effects that 
the assumption of atoms of area of bounded energy has 
for the derivation of Newton's law in Verlinde's entropic 
gravity. Motivating this assumption is the finiteness of 
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black hole entropy: It is natural to identify this en- 
tropy with the one from the entropic gravity scenario for 
the special case that the equipotential surface is a black 
hole horizon. This suggests that the atoms of area have 
a finite dimensional state space in general, and hence 
bounded energy. 

We saw that the assumption of bounded energy led, in- 
triguingly, to the divergence of the acceleration at some 
nonzero radius i?min- We could, however, not iden- 
tify this phenomenon straightforwardly with the diver- 
gence of the acceleration of a static observer at the 
Schwarzschild radius, since we found that i?niin scales in 
a way that involves both, the mass M of the body, and 
the energy scale i?max of the microscopic physics. Iden- 
tification of Rs with i?niin could Only be accomplished 
if the maximum energy E-a^a^y^ of the atoms that make 
up the holographic screen would depend on the mass of 
the body, in a specific way. This however, is not very 
plausible given the physical picture of entropic gravity. 

Implicit in the use of the equipartition law, and thus 
also in our present considerations, is the assumption that 
the degrees of freedom of the screen are immersed in a 
heat bath of a certain temperature T, given by ([3]). It 
is not clear which physical system constitutes this heat 
bath. It stands to reason that it can not just be the 
Unruh radiation that an accelerated particle is immersed 
in, since space itself is supposed to emerge from a course- 
graining of the degrees of freedom [1]. Thus this point 
merits further investigation. 

What are the consequences of our results for entropic 
gravity? First of all, it can be the case that the energy 
of the atoms of the holographic screen is not finite. After 
all, only entropy changes enter the derivation of Newton's 
law; the entropy itself may be infinite. In fact, entropy 
can still be finite for an infinite-dimensional system, if 
taken in a suitable state. // the atoms of area do have 
bounded energy, our arguments show that Verlinde's rea- 
soning is certainly viable, as long as the maximum energy 
is not too low. Furthermore we see no physical reason to 
suggest that this maximum energy has to be low. In fact, 
there are reasons to believe that it has to be very high; 
see the note added at the end of this section. If the max- 
imum energy is not too high, there could be interesting 
phenomenological consequences for strong gravitational 
fields. It should however be said that the entire picture 
of entropic gravity should be regarded with caution in 
the strong field regime, as new physical effects may enter 



the stage. 

Note added. We would like to add the following very 
useful observation by one of the referees regarding the 
energy scale -Emax- This scale must certainly be high 
enough for the screen to be able to hold the mass-energy 
that appears to be behind the screen. The ratio of mass- 
energy per screen area is highest for the horizon of a 
black hole, and turns out to be inversely proportional to 
the Schwarzschild radius in this case. A lower bound 



can be given in terms of the Schwarzschild radius i?s,inin 
of the smallest physically possible black hole. Even 
for conservative assumptions about i?s,min, the resulting 
bound is very high. Thus corrections for astrophysical 
black holes seem to be completely negligible. Moreover, 
an upper bound on the minimal radius from entropic 
gravity is then given by 

-Rmin < V4^v/^si?S,mi„. (23) 

i?niin is thus always smaller than (or at least of the same 
order of magnitude as) the Schwarzschild radius. Correc- 
tions are only appreciable very close to extremely micro- 
scopic black holes. This argument assumes that the area 
atoms have universal properties and there is no bind- 
ing energy between them. The former is a reasonable 
assumption, and the latter was assumed already in Ver- 
linde's derivation. The apparently very high ii^max, to- 
gether with the observation that the dimensionality of 
the internal state space of the atoms seems to have to be 
quite small [91], seems to lead to a tension with Newton's 
law for weak fields, as a coarsely spaced energy spectrum 
would lead to corrections in this regime. It may be in- 
teresting to further study the implications. 
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